We show that nuclear interactions are SU (4) symmetric at leading order in chiral perturbation theory in the large-N limit of QCD. The nucleons and delta resonances form a 20-dimensional representation of SU (4) and we show how Wigner's supermultiplet symmetry SU (4) sm , under which the nucleons transform as a 4-dimensional representation, follows as an accidental low energy symmetry. Exploiting SU (4) symmetry allows one to express the 18 independent leading N , ∆ interaction operators invariant under SU (2) I × SU (2) J in terms of only two couplings. The three flavor analogue allows one to express the 28 leading octet, decuplet interactions in terms of only two couplings, which has implications for hypernuclei and strangeness in "neutron" stars.
Implications of spin-flavor symmetry in effective nuclear forces
Short distance nuclear forces relevant for low energy processes can be incorporated into chiral Lagrangians in terms of local operators in a derivative expansion [1, 2] . There are two leading (dimension six) operators involving nucleons alone, given by
where N are isodoublet two-component spinors, and the σ are Pauli matrices. Higher derivative operators account for the spin-orbit coupling, among other effects 1 . Including the ∆ isobars in the theory leads to 18 independent dimension six operators allowed by spin and isospin symmetry 2 . In order to discuss hypernuclei, or strangeness in dense matter, one must consider SU (3) flavor multiplets -there are six independent leading operators involving the baryon octet alone [3] , while including the decuplet inflates the number to 28 independent operators. The number of independent dimension seven interactions is still much greater.
Clearly, to make headway in a systematic effective field theory analysis of nuclear and hypernuclear forces, it is desirable to find some simplifying principle. In this letter we propose that among the baryon interactions, SU (4) spin-flavor symmetry for two flavors, or SU (6) symmetry for three flavors should be a good approximation. We show how these symmetries have a vastly simplifying effect on the dimension six interactions described above, reducing both the 18 N −∆ interactions and the 28 octet-decuplet interactions down to just two independent operators. We support our allegation that spin-flavor symmetry is relevant to nuclear forces first by outlining its implications and by giving empirical evidence in support of SU (4) in nuclei. Then we prove that these symmetries become exact in the large-N limit of QCD.
1 In low energy nucleon-nucleon scattering the higher derivative terms will be less important
Under SU (2f ) symmetry the two spin states and f flavors of quarks transforming as the 2f dimensional defining representation. For N = 3, the lowest lying baryons have the quantum numbers of three quarks in an S-wave, transforming as a three index symmetric tensor Ψ µνρ under SU (2f ). For f = 2, Ψ is the 20-dimensional representation of SU (4), comprising of the four N and sixteen ∆ spin/isospin states; for f = 3, Ψ is the 56-dimensional SU (6) representation containing the J = decuplet. In either case one finds that there are only two SU (2f ) invariant dimension six operators.
These can be written in terms of the baryon fields Ψ as
where f π = 132 MeV is the pion decay constant.
Eq. (1.2) can be expressed in terms of the more familiar fields by writing each SU (2f ) index µ as a pair of flavor and spin indices (iα) under SU (f ) × SU (2) J , and then by projecting out components with the desired SU (f ) × SU (2) J transformation properties.
In this way one finds for two flavors
and for three flavors
In the above expressions N , ∆, B, and T are the nucleon, isobar, octet and decuplet fields (1.1) in terms of a and b:
For three flavors, SU (6) symmetry predicts the six Savage-Wise (SW) coefficients c 1 . . . c 6 [3] for the interactions involving four baryon octet fields: 
Evidence for SU (4) symmetry in nuclear physics
Why should one believe that there is an approximate SU (2f ) symmetry in the shortrange nuclear forces? We first give empirical evidence for SU (4) symmetry in nuclear physics; we then show that in the large-N limit of QCD, SU (4) relations are accurate to order 1/N 2 (∼ 10%), while SU (6) relations are accurate to O(1/N ) (∼ 30%) and O(m s ).
The testable consequence of SU (4) symmetry is the prediction (1.5) that C T = 0, which implies the existence of an accidental symmetry in low energy nucleon interactions.
This symmetry is Wigner's "supermultiplet symmetry" [4] , which we will denote SU (4) sm ;
it arises because with C T = 0 the interaction (1.1) is simply proportional to (N † N ) 2 which is invariant under an SU (4) with the four spin and isospin nucleon states transforming as a 4-dimensional representation. Wigner's SU (4) sm is not equivalent to the more fundamental SU (4) symmetry, under which the nucleon transforms as part of a 20-dimensional representation along with the deltas. Since SU (4) sm is broken by dimension seven operators (e.g. spin-orbit interactions) as well as dimension six N − ∆ interactions, it is only expected to be an approximate symmetry in light nuclei.
The validity of SU (4) sm in light nuclei is supported by an array of evidence. An extensive discussion is given in ref. [5] ; additional support can be found in the literature in the context of electron scattering [6] , giant dipole resonance multiplets [7] , β-decay selection rules in A = 19 nuclei [8] , and double β-decay [9] . A particularly illuminating discussion of SU (4) sm symmetry in nuclei is found in [10] . We will mention here two particular pieces of evidence for SU (4) sm : the two nucleon system, and β-decays of A = 18
nuclei.
The two-nucleon system provides a striking example of SU (4) sm symmetry in nuclear interactions. The I = 0, S = 1 channel has a scattering length of a 1 = 5.423fm and a bound state (the deuteron) with binding energy of E B = 2.225MeV. In contrast the I = 1, S = 0 channel has scattering lengths a 0 ∼ −20fm, and the threshold states are nearly bound. In the SU (4) sm limit both channels would be identical, and so the very different scattering lengths would make it appear that SU (4) sm is badly broken. However, scattering lengths are very sensitive to small changes in the interaction potential if there are almost bound or almost unbound eigenstates, as is the case in the nucleon-nucleon system.
Thus there may be an approximate symmetry in the interaction potentials which is not evident in the scattering lengths. Modelling the nuclear two-body potential by a spherically symmetric, finite depth square well one finds that the relevant potential parameters (V 0 the depth and R the range) are V 0t = 38.5MeV, R t = 1.93fm for the spin-triplet state and V 0s = 20.3MeV, R s = 2.50fm for the spin singlet states [11] . As we will show in the next section, the large-N analysis predicts that the interaction should be SU (4) symmetric in the Born approximation; beyond Born approximation, infrared divergences can mask the result. If we match the Weinberg coefficients C S,T at scattering momenta considerably above threshold (but below the scale where the derivative expansion breaks down) then the Born expansion in the full and effective theories should match pretty well. Thus C S,T are proportional to the spatial integrals of the nucleon-nucleon potential; in the case of the model of a spherically symmetric, square well potential described above, this leads to
Evidently the nuclear two-body interaction is SU (4) sm invariant with corrections at the C T /C S ≃ 5% level, consistent with what one might expect from a 1/N 2 effect with N = 3.
Note that this fit fixes one linear combination of the a and b coefficients, as given in eq.
(1.5). Weinberg chose to fit C S and C T at threshold, so that they were proportional to scattering lengths; this procedure yields C T /C S ∼ −4, completely obscuring the approximate SU (4) symmetry [1] .
A second demonstration of SU (4) The energy level diagram for the A = 18 nuclei and the observed β-decays are shown in Fig. 1 , and can be found in more detail in [12] . The naive structure of these nuclei is two valence nucleons in the s − d shell on a closed, inert 16 O core (the predominant mixing with deformed states is expected to involve four nucleons in an SU (4) sm singlet state in the s − d shell and two holes in the core, which will not affect our classification of these states under SU (4) sm ). The results of shell-model computations [13, 14] a probability of 87% [15] ; the "missing" 13% is largely due to the spin-orbit interaction.
The β-decay strength of transitions between states of this supermultiplet along with the strengths of transitions to states outside the supermultiplet are shown in Table 1 [16] .
It is seen from the first three entries of the wavefunctions largely due to the spin-orbit interaction, we see that SU (4) sm is a good symmetry in the dimension six interactions to within ∼ 20%, again roughly consistent with SU (4) sm violation at the 1/N 2 level 3 .
Spin-flavor symmetry from large-N QCD
We now turn to a theoretical justification for spin-flavor symmetry in the leading nuclear forces, appealing to the 1/N expansion of QCD. The internal structure of baryons becomes greatly simplified as that the number of colors N becomes large. In this limit, baryons are comprised of N quarks and a baryon mass scales like N . As shown by 't Hooft, virtualpairs are suppressed in this limit [18] ; subsequently Witten showed that the quarks in a baryon obey a relativistic Hartree equation [19] . For two flavors one can also prove certain SU (4) relations among operator matrix elements in single large-N baryons states [20] [21] [22] [23] [24] . The existence of these relations is due to the fact that while large-N analogues of the nucleon have N quarks, they still have O(1) spin and isospin, so that the spin-dependent Hartree potential experienced by quarks is down by 1/N relative to [21, 24] ; some of 1/N corrections can be computed, however [21, 22] . We will find similar symmetries and corrections in the 2-baryon sector.
Witten discussed how best to consider baryon-baryon collisions [19] A specific example of such a diagram is given in Fig. 3 ; it is seen to be O(1/N 2 ) since each gluon coupling brings a factor of 1/ √ N , and there are no closed color loops in the diagram. Since there are three quarks involved and N possible choices for each quark, the matrix element of this operator will involve a combinatoric factor of N 3 , making its net contribution to the baryon-baryon scattering amplitude O(N ). One can easily generalize to interactions involving any number of quark exchanges: leading connected graphs involving r quarks scale as N (1−r) , and their contribution to the amplitude is O(N ) [19] .
Our analysis of the baryon-baryon scattering diagrams will use techniques and notation similar to those in [21] [22] [23] [24] -most closely those of ref. [22] . It is convenient to classify the connected diagrams contributing to the interaction in Fig. 2 by the number of quarks n involved on the B 1 − B 2 baryon line, by the number of quarks n ′ involved on the B 3 − B 4
line, and by the total isospin and spin (I, J) transmitted between the two baryon lines 4 .
In order to match onto the effective nonrelativistic operator (1.2) we work to zeroth order in the baryon velocities; thus the only source of angular momentum in the problem are the baryon spins. The spin-flavor dependence of a given diagram leading in 1/N is
where the operator O (n)
IJ is an n-quark operator on the upper baryon line with isospin and spin (IJ), and O (n ′ ) is an n ′ -quark operator on the lower baryon line with the same (IJ) and conjugate I 3 , J 3 ; the two operators are contracted so that the amplitude is a spinisospin singlet. Note that the spin of a quark is defined in the collision center-of-momentum frame.
The first step in proving that the amplitudes in (3.1) imply SU (4) symmetry is to prove that
2) 4 The identity of the two baryon lines can be kept distinct by considering the number of quarks involved n and n ′ to be O(1); diagrams with n or n ′ of O(N ) are actually suppressed since the combinatoric factor for choosing n quarks is not N n , but the much smaller binomial coefficient N n .
for states B, B ′ that have I ∼ J ∼ O(1), and that operators that saturate the bound (3.2) have a particular form. Eq. (3.2) contains as a specific case the I t = J t rule discussed in the Skyrme model [25] . The dominance of I = J couplings is well known for the pion; it also is observed for the rho meson [26] . Eq. (3.2) was previously derived in ref. [22] .
Matrix elements such as in eq. and can be represented as
3)
The first three of these operators are simply the generators of quark number, isospin, and spin respectively. Taken together, the 16 operators (3.3) generate SU (4) × U (1) symmetry, with commutators of the generic form 
and so the leading operators can always be written in the form (3.5) with the r G operators totally symmetrized, and with none of the G indices contracted. Such an operator has I = J = r. Similar arguments show that the largest n-quark operator with I = J + t has the form G J I t 1 (n−J−t) and has a matrix element of order N (n−t) . This proves the assertion (3.2).
The same identity (3.7) which allowed us to ignore as subleading any antisymmetrized pair of spin or isospin indices allows us to independently rearrange those indices on either of the baryon lines. Thus we can write the leading large-N contributions to the baryonbaryon interaction (3.1) in the form
times any number of identity operators, where I equals the t-channel spin and isospin; the parentheses { } 1 and { } 2 refer to which of the two baryon lines the 1-quark operators act upon. (We omit the unit operators which do not modify the SU (2) J ⊗ SU (2) I structure).
The proof of SU (4) invariance now follows trivially. If we denote the fifteen SU (4) generators by T µ = {I a , J i , G ia } and use the fact that the matrix elements of I a and J i are O(1), it follows that the leading interaction (3.8) may be rewritten as
which is manifestly SU (4) invariant, up to corrections suppressed by 1/N 2 . This shows that each individual connected graph contributing in Fig. 2 , summed over colors, is SU (4) symmetric.
Similar arguments go through for three flavors, and one finds that in the large-N limit of QCD with SU (3) flavor symmetry, the low energy effective theory will have SU (6) invariant baryon interactions (for low I, J, S states). For equal mass quarks, corrections to SU (6) are of order 1/N , however, rather than 1/N 2 as in the two flavor case. One source of the 1/N correction is that diagrams involving transfer of a strange quark between baryons are subleading by 1/N ; another source is that the hypercharge matrix T 8 is proportional to the unit operator plus 1/N corrections. In addition to the 1/N corrections, there will be SU (6) violation proportional to powers of m s , the strange quark mass. These corrections are potentially quite important for phenomenology.
So far we have not discussed the space dependence of the contributions from Fig. 2 .
We assume that the only long-range contribution comes from pion exchange, and that the remaining contributions can be Taylor expanded in terms of q 2 /Λ 2 , (Λ given roughly by the vector meson masses) in the spirit of chiral perturbation theory. We stress that the SU (2f ) invariance we found in the large-N limit holds separately for each connected contribution which {q i G ia } 1 {q j G ja } 2 ∼ q 2 {G ka } 1 {G ka } 2 .)
Conclusions
We conclude with a list of future directions for this line of investigation. One is to further the work of [1] [2] [3] relating the leading baryon interaction coefficients to the effective masses and properties of baryons in matter.
In particular, one might analyze hypernuclei and Σ − atoms in light of the predictions (1.6). One might also apply the predictions (1.6) to the controversy of how strangeness first appears in dense matter -in the form of kaon condensation, or in the form of hyperons [27] . However, these analyses require care: factors expected to be important phenomenologically [28] . Among the four nucleon isospin and spin states there is an accidental SU (4) sm symmetry which is much more robust, broken only at order 1/N 2 , and by isospin breaking.
Another suggestive line of inquiry is to extend the results of this Letter beyond the dimension six operators (1.2). In particular, one should understand how SU (2f ) breaking comes about in the L · S interactions, including analysis of the cases where SU (4) sm seems to work better than it should, in large nuclei where spin-orbit interactions are largemost notably the Franzini-Radicatti mass formula [29] , [5] . Finally, it may prove fruitful to apply SU (4) symmetry to the problem of the quenching of Gamow-Teller strengths in the shell model [17] .
